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Abstract 

A subgroup H of a finite group G is said to be SS-permutable in G if H has a 
supplement K in G such that H permutes with every Sylow subgroup of K. A finite 
group G is called an SST-group if SS-permutability is a transitive relation. The structure 
of SST-groups is investigated in this paper. 

(N 
oo 

1 Introduction 

o 

Throughout this paper, all groups considered are finite. For a group G, let vr(G) denote the 
set of prime divisors of \G\, and \G\ P denote the order of a Sylow p-subgroup of G. 

A subgroup if of a group G is said to be permutable (resp. S-permutable) in G if H 
permutes with all the subgroups (resp. Sylow subgroups) of G. A group G is called a T- 

c3 < 

group (resp. PT-group, PST-group) if normality (resp. permutability, S-permutability) is 
a transitive relation, that is, if H and K are subgroups of G such that H is normal (resp. 
permutable, S-permutable) in K and K is normal (resp. permutable, S-permutable) in G, 
then H is normal (resp. permutable, S-permutable) in G. 

By Kegel's result [U], a group G is a PST-group if and only if every subnormal subgroup 
of G is S-permutable in G. Agrawal |T] showed that a group G is a solvable PST-group if and 
only if the nilpotent residual L of G is a normal abelian Hall subgroup of G upon which G acts 
by conjugation as power automorphisms. In particular, a solvable PST-group is super solvable. 
The structure of PST-groups has been investigated by many authors, see for example 
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A subgroup if of a group G is said to be semipermutable (resp. S-semipermutable) [TU] in 
G if if permutes with every subgroup (resp. Sylow subgroup) X of G such that (\H\, \X\) = 
1. A group G is called a BT-group (resp. SBT-group) |21j if semipermutability (resp. S- 
semipermutability) is a transitive relation. The following result was established by Wang et 
al. in PTJ. 

Theorem 1.1 [211 Theorem 3.1]. Let G be a group. Then the following statements are 
equivalent: 

(1) G is a solvable BT-group. 

(2) G is a solvable SBT-group. 

(3) Every subgroup of G is semipermutable in G. 

(4) Every subgroup of G is S-semipermutable in G. 

(5) Every subgroup of G of prime power order is semipermutable in G. 

(6) Every subgroup of G of prime power order is S-semipermutable in G. 

(7) G is a solvable PST-group and if p and q are distinct primes not dividing the order 
of L, where L is the nilpotent residual of G, then [G p , G q ] = 1 for every G p G Syl p (G) and 
G, G 5yZ,(G). 

Recall that a subgroup if of a group G is said to be SS-permutable or SS-quasinormal in 
G if H has a supplement fT in G such that if permutes with every Sylow subgroup of K. In 
this case, K is called an SS-permutable supplement of if in G. This embedding property was 
introduced by Li et al. in [16J, and they called these subgroups SS-quasinormal subgroups. 
In this paper, we use the term SS-permutable subgroups for such subgroups. It is easy to see 
that every SS-permutable subgroup of a group G is S-semipermutable in G (see below Lemma 
2.1(4)). However, the converse does not hold in general as the following example shows. 

Example 1.2. Let G = (x, y,z,w\x 3 = y 3 = z 2 = w 2 = 1, [x, y] = [z, w] = 1, x z = x" 1 , y w = 
y^ 1 , x w = y z = xy) and if = (y, w). Obviously, H is S-semipermutable in G. Now assume 
that H is SS-permutable in G with an SS-permutable supplement K. Let K 2 be a Sylow 2- 
subgroup of K. Then by definition, H permutes with K 2 . It is clear that (y) < H <j HK2, 
and so ifi^2 < N G ((?/)). This implies that z G N G ((y)), which is contrary to our assumption. 
Therefore, H is not SS-permutable in G. 

We say that a subgroup if of a group G is NSS-permutable in G if if has a normal 
supplement K in G such that if permutes with every Sylow subgroup of K. In this case, K is 
called an NSS-permutable supplement of if in G. Note that every NSS-permutable subgroup 
of a group G is SS-permutable in G, but the next example illustrates that the converse is not 
true. 

Example 1.3. Let G = A 5 and if = A4, where A 5 and A4 denote the alternating group of 
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degree 5 and 4, respectively. Clearly K G Syl 5 (G) is an SS-permutable supplement of H in G. 
This shows that H is SS-permutable in G. If H is NSS-permutable in G, then G is the only 
NSS-permutable supplement of H in G. This induces that H is S-permutable in G, and so H 
is subnormal in G by [151 Theorem 1], which is impossible. Hence H is not NSS-permutable 
in G. 

We say that a group G is an SST-group (resp. NSST-group) if SS-permutability (resp. 
NSS-permutability) is a transitive relation. 

Our purpose in this paper is to establish several characterizations of SST-groups and 
NSST-groups. We arrive at the following results. 

Note that a group is said to be an SC-group if all its chief factors are simple. Clearly, the 
class of all supersolvable groups coincides with the class of all solvable SC-groups. 

Theorem A. Let G be an SST-group (resp. NSST-group). Then G is an SC-group. 

Theorem B. Let G be a group. Then the following statements are equivalent: 

(1) G is solvable and every subnormal subgroup of G is SS-permutable in G. 

(2) G is solvable and every subnormal subgroup of G is NSS-permutable in G. 

(3) Every subgroup of F*(G) is SS-permutable in G. 

(4) Every subgroup of F*(G) is NSS-permutable in G. 

(5) G is a solvable PST-group. 

In Theorem B above, F*(G) denotes the generalized Fitting subgroup of G, that is, the 
product of all normal quasinilpotent subgroups of G. The readers may refer to [HJ Chapter 
X] for details. 

Theorem C. Let G be a group. Then the following statements are equivalent: 

(1) Whenever H < K are two p-subgroups of G with p G vr(G), H is SS-permutable in 
N G {K). 

(2) Whenever H < K are two p-subgroups of G with p G tt{G), H is NSS-permutable in 
N G (K). 

(3) G is a solvable PST-group. 

Theorem D. Let G be a solvable group. Then the following statements are equivalent: 

(1) G is an SST-group. 

(2) G is an NSST-group. 

(3) Every subgroup of G is SS-permutable in G. 

(4) Every subgroup of G is NSS-permutable in G. 

(5) Every subgroup of G of prime power order is SS-permutable in G. 

(6) Every subgroup of G of prime power order is NSS-permutable in G. 
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(7) Every cyclic subgroup of G of prime power order is SS-permutable in G. 

(8) Every cyclic subgroup of G of prime power order is NSS-permutable in G. 

Corollary 1.4. A solvable SST-group G is a BT-group. 

The following example illustrates that a solvable BT-group is not necessarily a solvable 
SST-group. 

Example 1.5. Let G — (x, y \ x 5 = y 4 = 1, x y = x 2 ). Note that the nilpotent residual of G 
is (x) G Syl 5 (G). By Theorem 1.1, G is a solvable BT-group. Put H = (y) and L = (y 2 ). 
Suppose that L is SS-permutable in G. Then G is the unique supplement of L in G. It follows 
that L is S-permutable in G, and thus L < 02(G) by [151 Theorem 1]. This implies that 
either 2 (G) = H or 2 (G) = L. It is easy to verify that y x = yx^ 1 and (y 2 ) x = y 2 x 2 , and so 
H ^ G and L ^ G, a contradiction. Hence L is not SS-permutable in G. By Theorem D, G 
is not a solvable SST-group. 

Corollary 1.6. The class of all solvable SST-groups is closed under taking subgroups and 
epimorphic images. 

Corollary 1.7. Let G be a solvable group. Then the following statements are equivalent: 

(1) G is an SST-group. 

(2) Every subgroup of G is either SS-permutable or abnormal in G. 

(3) Every subgroup of G is either NSS-permutable or abnormal in G. 

Let G be a solvable PST-group. Let L be the nilpotent residual of G and D be a system 
normalizer of G. Then L is a normal abelian Hall subgroup of G upon which D acts by 
conjugation as power automorphisms. Hence by [HI (9.2.7)], D is a Hall subgroup of G and 
G = L x D . Note that all the system normalizers of G are conjugate in G. 

Recall that a group G is said to be complemented if every subgroup of G has a complement 
in G. In [13], Hall proved that the class of all complemented groups is exactly the class of all 
supersolvable groups with elementary abelian Sylow subgroups. 

Theorem E. Let G be a solvable SST-group with the nilpotent residual L and a system 
normalizer D. Then the Frattini group = &(L) x $(-D). Furthermore, is a 

complemented group. 

Theorem F. Let G be a solvable BT-group with the nilpotent residual L. Then the following 
statements are equivalent: 

(1) G is an SST-group. 

(2) For every p-subgroup P of G with p G 7r(G)\7r(L), G has a p-subgroup K p such that 
PiT p G Syl p (G) and [P, (V)] < O p (G). 
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(3) For every p-element x of G with p e tt(G)\it(L), G has a p-subgroup K p such that 
(a;}if p G Syl p (G) and [x, (#/)] < O p (G). 

It was established in [IT] that G*i x G 2 x • • • X G n (n > 2) is a solvable PST-group if 
and only if Gi is a solvable PST-group with the nilpotent residual for 1 < i < n and 
(\Li\, \Gj\) = 1 for 1 < i,j < n and i ^ j. Now we continue the study for solvable BT-groups 
and solvable SST-groups. 

Theorem G. G\ x G 2 x ■ • ■ x G n (n > 2) is a solvable BT-group if and only if Gi is a solvable 
BT- group with the nilpotent residual Lj for 1 < z < n and (|Lj|, |G,-|) = 1 for 1 < i,j < n 
and i ^ j. 

Theorem H. G\ x Gi X • • • X G n (n > 2) is a solvable SST-group if Gi is a solvable SST-group 
and (\Gi\, \Gj\) — 1 for 1 < i,j < n and i ^ j. 

The next example shows that Theorem G does not hold for solvable SST-groups. 

Example 1.8. Let G = (x,y,z,w\x 3 = y 5 = z 2 = w 2 = l,[x,y] = [x,w] = [z,y] = [z,w] = 
l,x z = x~ 1 ,y w = y' 1 ), G\ = (x,z) and G 2 = (y,w). It is clear that G\ and G 2 are solvable 
SST-groups and L\ = (x) and L 2 = (y) are the nilpotent residuals of G\ and G 2 , respectively 
Put H = (zw). It is easy to verify that G, (x,y,z) and (x,y,w) are not SS-permutable 
supplements of H in G. Hence H is not SS-permutable in G. Then by Theorem D, G is not 
a solvable SST-group. 

In [9], J. C. Beidleman et al. proved that a group G is a solvable PST-group if and only if 
G has a normal subgroup N such that iV and G/N" are solvable PST-groups. Analogously, 
we have the following result. 

Theorem I. A group G is a solvable SST-group (resp. BT-group) if and only if G has a 
normal subgroup iV such that N is a solvable PST-group and G/N" is a solvable SST-group 
(resp. BT-group). 

2 Preliminaries 

Lemma 2.1. Suppose that a subgroup H of a group G is SS-permutable (resp. NSS- 
permutable) in G with an SS-permutable supplement (resp. NSS-permutable supplement) 
K, L < G and N < G. Then: 

(1) If H < L, then H is SS-permutable (resp. NSS-permutable) in L. 

(2) HN/N is SS-permutable (resp. NSS-permutable) in G/N. 

(3) If N < L and L/N is SS-permutable (resp. NSS-permutable) in G/N, then L is 
SS-permutable (resp. NSS-permutable) in G. 
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(4) H is S-semipermutable in G. 

(5) If H < F(G), then H is S-permutable in G. 

(6) Every conjugate of K in G is an SS-permutable supplement (resp. NSS-permutable 
supplement) of H in G. 

(7) If iV is nilpotent, then NK is an SS-permutable supplement (resp. NSS-permutable 
supplement) of H in G. 

(8) If H is a p-subgroup of G with p G tt(G), then if -ftp G Syl p (G) for every f\~ p G Syl p (K). 
Proof. We only prove the statements for SS-permutable subgroups. For NSS-permutable 
subgroups, the statements can be handled similarly. 

(l)-(3) See PU Lemma 2.1]. 

(4) By definition, H permutes with every Sylow subgroup of K. Let X be a Sylow subgroup 
of G such that (\H\, \X\) = 1. Then there exists an element h G H such that X h < K. It 
follows that HX h = X h H, and so HX = XH. Hence H is S-semipermutable in G. 

(5) See pH Lemma 2.2]. 

(6) The statement is obvious. 

(7) For every prime p G n(K), there exist N p G Syl p (N) and K p G Syl p (K) such that 
N p K p G Syl p (NK). Note that N p < G. Then for any Sylow p-subgroup P of iVK, iVfT has 
an element g = kh for some k £ K and /i G H such that P = (N p K p ) g = (N p K p k ) . Since 
K is an SS-permutable supplement of H in G, we have that H(N p K p h ) = (N p K p k )H, and so 
HP = H(N p K p k ) h = (N p K p k ) h H = PH. Therefore, NK is an SS-permutable supplement of 
H in G. 

(8) Evidently, K has an element k such that HK p k G Syl p (G). Note that if fl K is S- 
permutable in K, and so it is subnormal in K by [151 Theorem 1]. Hence HC\K < O p (K). This 
implies that Hf)K = HnK p = HnK k . It follows that \G\ P = \HK k \ = \H\\K p k \/\HnK p k \ = 
\H\\K P \/\H HK P \ = \HK P \. Thus HK P G Syl p (G). 

Lemma 2.2. [TJ Lemma 2.1.3] Let p be a prime and N a normal p-subgroup of a group G. 
Then all subgroups of N are S-permutable in G if and only if all chief factors of G below N 
are cyclic and G-isomorphic when regarded as modules over G. 

Recall that a subgroup if of a group G is said to be r-quasinormal [17] in G if HG P = G P H 
for every G p G Syl p (G) such that (\H\,p) = 1 and (\H\, \G P G \) ^ 1. It is easy to see that 
every SS-permutable subgroup of G is r-quasinormal in G by Lemma 2.1(4). 

Lemma 2.3. [HI Theorem 1.2] Let G be a group. Then every subgroup of F*(G) is r- 
quasinormal in G if and only if G is a solvable PST-group. 

Lemma 2.4. A solvable group G is a BT-group if and only if every cyclic subgroup of G of 
prime power order is S-semipermutable in G. 
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Proof. By Theorem 1.1, we only need to prove the sufficiency Assume that every cyclic 
subgroup of G of prime power order is S-semipermutable in G. Let if be a p-subgroup of G 
with p G n(G). Then for every element h G if and every Sylow g-subgroup Q of G, we have 
that (h)Q = Q(h). Consequently, we have that HQ = QH, and so H is S-semipermutable 
in G. This shows that every subgroup of G of prime power order is S-semipermutable in G. 
Hence by Theorem 1.1, G is a BT-group. 

Lemma 2.5. Let G be a nilpotent-by-abelian group and H < G. Then H is SS-permutable 
in G if and only if H is NSS-permutable in G. 

Proof. The sufficiency is clear. We only need to prove the necessity. Since G is nilpotent-by- 
abelian, G/F(G) is abelian. Suppose that H is SS-permutable in G with an SS-permutable 
supplement K. Then by Lemma 2.1(7), F(G)K is also an SS-permutable supplement of H in 
G. As F{G)K <j G, we have that F{G)K is also an NSS-permutable supplement of H in G. 
Hence H is NSS-permutable in G. 

Lemma 2.6. Let T and S are SS-permutable (resp. NSS-permutable) in a solvable group 
G such that (|T|, \S\) = 1. Then (T,S) is SS-permutable (resp. NSS-permutable) in G. The 
solvability assumption is not necessary if T and S are subgroups of prime power order. 
Proof. We only prove the lemma for SS-permutable subgroups. Let ifi and if 2 be SS- 
permutable supplements of T and S in G, respectively. Note that G is solvable. By Lemma 
2.1(6), without loss of generality, we may assume that S < ifi and T < if 2 . Then TS(Ki D 
if 2) = Tifi = G. This means that ifi H if 2 is a supplement of (T, 5) in C. For any 
Sylow p-subgroup P of K 1 Pi if 2 with p G 7r(ifi H if 2)) there exist a Sylow p-subgroup K lp 
of ifi and a Sylow p-subgroup if2 P of if 2 such that P = K\ v D if 2 = if 1 fl if2 P . Since 
T(if lp nif 2 ) = (K lp r\K 2 )T and S(ifinif 2p ) = (ifinif 2 p)S, we have that (T, 5)P = P(T, S). 
This shows that ifi fl if 2 is an SS-permutable supplement of (T, S) in G. Thus (T, 5) is SS- 
permutable in G. 

Lemma 2.7. Let G be a solvable PST-group with the nilpotent residual L and a system 
normalizer D. Then: 

(1) D'<G. 

(2) If H is an SS-permutable p-subgroup of G with an SS-permutable supplement if, where 
p G tt(G), then [if, K p ] < O p (G) for every K p G Syl p (K). 

Proof. (1) Note that for every element I G L, (/) is normal in G. Then G/C G (l) is abelian, 
and so D' < G' < C G {1). It follows that £>' < C G {L). Hence D' < G for G = L x D. 

(2) If p G 7r(L), then it is evident. Now assume that p G 7r(G)\7r(L). For every if p G 
Syl p (K), it follows from Lemma 2.1(8) that G has a Sylow p-subgroup G p such that G p = HK P . 
By (1), < G. Hence [if, if p ] < G p < O p (G). 



7 



Lemma 2.8. Let G be a solvable BT-group with the nilpotent residual L. Suppose that H is 
a p-subgroup of G with p £ 7r(G)\7r(L). Then if is SS-permutable in G if G has a p-subgroup 
K p such that #AT p £ Syl p (G) and [if, (AT/)] < O p (G). 

Proof. Let D be a system normalizer of G containing HK P and _D p / be the Hall p'-subgroup 
of D. Then we claim that K = O p (G)K p D p /L is an SS-permutable supplement of H in G. In 
fact, it is clear that G = HK. By Theorem 1.1, if q £ tt(K) and q ^ p, then if permutes with 
every Sylow g-subgroup of K. Note that D p i < Cg(O p (G)K p ). Then for every element g £ K, 
we have that [H,O p (G)K p 9 ] < O p (G). This deduces that HO p {G)K p 9 = O p (G)K p g H. Hence 
H permutes with every Sylow p-subgroup of K. Thus the claim holds, and consequently, H 
is SS-permutable in G. 

3 Proof of the Theorems 

Proof of Theorem A. We only prove the theorem for SST-groups. For NSST-groups, the 
theorem can be proved similarly. Let N be a minimal normal subgroup of G. By Lemma 
2.1(2) and (3), G/N is also an SST-group. By induction, G/N is an SC-group. Now we only 
need to prove that N is simple. Since G is an SST-group, all subnormal subgroups of G are 
SS-permutable in G. It follows that all subnormal subgroups of N are SS-permutable in G. If 
N is abelian, then N is a normal p-subgroup of G for some p £ ir(G). By Lemma 2.1(5), all 
subgroups of N are S-permutable in G. By Lemma 2.2, iV is cyclic, and so N is simple. Now 
assume that iV is non- abelian. Then N = N\ x N2 X • • • x iV^, where N{ is isomorphic to a 
non-abelian simple group S for 1 < i < n. Note that N\ is SS-permutable in G. Let K be an 
SS-permutable supplement of N\ in G. Then N\K P = K P N\ for every K p £ Syl p (K). Since 
iV < N for every element g £ G, we have that (N^) < N. By [12, A, Proposition 4.13(b)], 
(iV\ Kp ) is a direct product of a subset of N t (1 < i < n). Obviously, (N^"}/^ < N l K p /N l 
is a p-group. This deduces that (N^) = N u and thereby K p < iV G (iVi). It follows that 
K < Nq(Ni), and thus Ni < G. Hence iV = Ni is simple. This completes the proof of 
Theorem A. 

Proof of Theorem B. Note that every N SS-permutable subgroup of a group G is SS- 
permutable in G. Hence (2) implies (1), and (4) implies (3). Assume that G is a solvable 
PST-group. Then every subnormal subgroup of G is S-permutable, and so NSS-permutable 
in G. Therefore, (5) implies (2). 

Now we show that (3) implies (5). Suppose that every subgroup of F*(G) is SS-permutable 
in G. Then every subgroup of F*(G) is r-quasinormal in G. By Lemma 2.3, G is a solvable 
PST-group, and thus (5) holds. Finally, we prove that (1) implies (4). Assume that G is 
solvable and every subnormal subgroup of G is SS-permutable in G. Then F*(G) = F{G) 
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by [TU X, Corollary 13.7(d)]. Therefore, every subgroup of F(G) is SS-permutable in G. By 
Lemma 2.1(5), every subgroup of F{G) is S-permutable, and so NSS-permutable in G. Hence 
(4) follows. This ends the proof of Theorem B. 

Proof of Theorem C. (2) implies (1) is clear. Assume that (1) holds. By Lemma 2.1(5), 
whenever H < K are two p-subgroups of G with p £ tt(G), H is S-permutable in Nq{K). It 
follows from [5j Theorem 4] that G is a solvable PST-group, and so (3) follows. By [5j Theorem 
4] again, we also see that (3) implies (2). 

Proof of Theorem D. Firstly we show that (1) is equivalent to (3). Clearly, (3) implies (1). 
Now consider that G is an SST-group. Then every subnormal subgroup of G is SS-permutable 
in G. By Theorem B, G is a PST-group. Let L be the nilpotent residual of G. Note that 
every subgroup of L is normal in G. Then for any subgroup H of G, H is SS-permutable in 
HL. Since HL is subnormal in G, we have that HL is SS-permutable in G. This implies H 
is SS-permutable in G. Hence (1) implies (3), and thus (1) and (3) are equivalent. With a 
similar argument as above, we get that (2) is equivalent to (4). 

Next we shall prove that (5) is equivalent to (7). Clearly, (5) implies (7). Now suppose 
that every cyclic subgroup of G of prime power order is SS-permutable in G. Then G is a 
BT-group by Lemma 2.1(4) and Lemma 2.4. Let L be the nilpotent residual of G and H be 
a p-subgroup of G with p £ tt(G). If either H < L or H is cyclic, then there is nothing to 
prove. Hence we may suppose that p £ 7r(G)\7r(L) and H is not cyclic. If for every element 
h £ H, (h) is S-permutable in G, then H is S-permutable in G by (201 Corollary 1], and so H 
is SS-permutable in G. We may, therefore, assume that there exists an element x £ H such 
that (x) is not S-permutable in G. By hypothesis, (x) is SS-permutable in G. Let K be an SS- 
permutable supplement of (x) in G. By Lemma 2.1(7), we may let O p (G) < K. If HnK = H, 
then (x) < H < K. This implies that K = G and (x) is S-permutable in G, a contradiction. 
Hence H R K < H. By induction, H D K is SS-permutable in G. Let T be an SS-permutable 
supplement of HdK in G. By Lemma 2.1(7), we may also let O p (G) < T. Now we claim that 
KnT is an SS-permutable supplement of if in G. Clearly, H(KnT) = (x}(Hf]K)(KnT) = G. 
For every Sylow g-subgroup Q of K fl T with q £ tc(K fl T) and p ^ q, since G is a BT-group, 
we have that H permutes with Q by Theorem 1.1. Let P be a Sylow p-subgroup of K fl T. 
Then there exist a Sylow p-subgroup K p of and a Sylow p-subgroup T p of T such that 
P = KpDT = K (~}T P . By Lemma 2.7(2), [(x), tf p ] < O p (G) and [# n fsT, T p ] < O p (G). Since 
O p (G) < K p n T, we have that (x)P = (x)(K p fl T) = (K p fl T)(x) = P(x). Similarly, we can 
obtain that (H n iT)P = P(H n K). Therefore, #P = n K)P = P(x)(H n K) = PH, 

and thus the claim follows. Then H is SS-permutable in G, and so (5) holds. With a similar 
discussion as above, we get that (6) is equivalent to (8). 

Now we show that (3) implies (4). Assume that every subgroup of G is SS-permutable in 



9 



G. By Theorem B, G is a PST-group, and so G is supersolvable. It follows from Lemma 2.5 
that every subgroup of G is NSS-per mutable in G. Hence (4) holds. Evidently, (4) implies 
(6), and (6) implies (5). Finally, assume that every subgroup of G of prime power order is SS- 
permutable in G. By Lemma 2.6, it is easy to see that every subgroup of G is SS-permutable 
in G. This shows that (5) implies (3). The proof is thus completed. 

Proof of Corollary 1.4. The corollary is directly follows from Theorem D, Lemma 2.1(4) 
and Theorem 1.1. 

Proof of Corollary 1.6. Suppose that G is a solvable SST-group. By Theorem D and 
Lemma 2.1(1), every subgroup of G is a solvable SST-group. Moreover, by Lemma 2.1(2) and 
(3), every epimorphic image of G is also a solvable SST-group. 

Proof of Corollary 1.7. By Theorem D, we have that (1) implies (3). Clearly, (3) implies (2). 
Then we only need to prove that (2) implies (1). Suppose that every subgroup of G is either 
SS-permutable or abnormal in G. By Lemma 2.1(4) and |22[ Lemma 1], G is supersolvable. 
Let if be a p-subgroup of G with p G 7r(G). If p is not the smallest prime divisor of |G|, 
then it is easy to see that H is not abnormal in G. This induces that H is SS-permutable 
in G. We may, therefore, assume that p is the smallest prime divisor of |G|. If if is not a 
Sylow p-subgroup of G, then H is not abnormal in G, and thereby H is SS-permutable in 
G. If H G Syl p (G), then for every G q G Syl q {G) with q G 7r(G) and p ^ q, since G q is 
SS-permutable in G, H permutes with G q . Let if be the Hall p'-subgroup of G. Then if is an 
SS-permutable supplement of H in G, and so H is SS-permutable in G. Hence every subgroup 
of G of prime power order is SS-permutable in G. By Theorem D, G is an SST-group. This 
shows that (2) implies (1). 

Proof of Theorem E. Note that for every maximal subgroup L\ of L and every maximal 
subgroup D\ of D, L\ x D and Ly\D\ are maximal subgroups of G. If $(G) flL ^ &{L), then L 
has a maximal subgroup Li such that $(G)nL ^ L\. It follows that $(G)nL < L 1 DDL < Li, 
a contradiction. Hence $(G) PI L < $(£). With a similar discussion as above, we get that 

$(G)nfl< $(£>). 

Since L < G, we have that $(L) < $(G). Consequently, <3>(G) flL = $(L). Now we claim 
that $(-P) < $(G) for every Sylow p-subgroup P of G with p G ti~(D). As G is a solvable SST- 
group, $(-P) is SS-permutable in G by Theorem D. Let K be an SS-permutable supplement 
of $(P) in G. Then P = Pn <5>(P)K = $(P)(P n if). This implies that P < if, and so 
if = G. Hence $(P) is S-permutable in G. By [2U], Lemma A], O p (G) < iV G ($(P)). It follows 
that $(P) < G. By [12, A, Theorem 9.2(d)], $(P) < $(G), and thus the claim holds. Since 
D is a nilpotent Hall subgroup of G, we have that <I ) (P ) ) < ^(G), and so $(G) n D = $(P>). 
Consequently, $(G) = ($(G) HP) x ($(G) HP>) = $(L) x $(£)). Note that G is supersolvable 
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and for every Sylow subgroup P of G, $(P) < $(G). This implies that every Sylow subgroup 
of G/<&(G) is elementary abelian. Then by [13, Theorem 2], G/<&(G) is a complemented group. 

Proof of Theorem F. Firstly we show that (1) implies (2). Suppose that G is an SST-group. 
Then by Theorem D, every subgroup of G of prime power order is SS-permutable in G. For 
every p-subgroup P of G with p G ir(G)\ir(L), let K be an SS-permutable supplement of P 
in G and K p be a Sylow p-subgroup of K. By Lemma 2.1(8), we have that PK P G Syl p (G). 
It follows from Lemma 2.1(6) and Lemma 2.7(2) that [H,K p l ] < O p (G) for every I 6 I, and 
so [H, (K P L )} < O p (G). Thus (2) follows. 

It is obvious that (2) implies (3). Now we prove that (3) implies (1). Assume that (3) holds. 

n — 1 

Then by [U A, Lemma 7.3(c)], [x n , (K P L )] = [x, (K p L )f ■■■[x, (K p L )f[x, (K P L )} < O p (G) 
for all n6N. Hence [(x), (K P L )] < O p (G). By Lemma 2.8, (x) is SS-permutable in G. Note 
that every subgroup of L is normal in G. Therefore, every cyclic subgroup of G of prime power 
order is SS-permutable in G. By Theorem D, G is an SST-group, and thereby (1) holds. This 
completes the proof of Theorem F. 

Proof of Theorem G. By Theorem 1.1 and [TTj Corollary 2.3], the necessity is obvious. 
Now we prove the sufficiency By induction, we may assume that n — 2. By [Til Corollary 
2.3] again, G\ x G 2 is a solvable PST-group. Evidently, the nilpotent residual of G\ x G 2 is 
L\ x L 2 . Let {p, q} C it{G\ x G 2 )\7r(Li x L 2 ) and p ^ q. For every Sylow p-subgroup G p of 
Gi x G 2 , there exist a Sylow p-subgroup G\ p of Gi and a Sylow p-subgroup G 2p of G 2 such 
that G p = G\ p x G 2p . Similarly, for every Sylow g-subgroup G q of G\ x G 2 , there exist a 
Sylow g-subgroup Gi q of G\ and a Sylow g-subgroup G 2(? of G 2 such that G q = G\ q x G 2g . 
Since G\ and G 2 are solvable BT-groups, by Theorem 1.1, we have that [G\ p ,G\ q \ = 1 and 
[G 2p , G 2g ] = 1. It follows that [G p , G q ] = [Gi p G 2p , Gi g G 2g ] = 1. Therefore, by Theorem 1.1 
again, Gi x G 2 is a solvable BT-group. 

Proof of Theorem H. By induction, we may assume that n = 2. Let L\ and L 2 be the 
nilpotent residuals of Gi and G 2 , respectively. By Corollary 1.4 and Theorem G, G\ x G 2 is 
a solvable BT-group. Obviously, the nilpotent residual of G\ x G 2 is Li x L 2 . Let P be a 
p-subgroup of G with p G 7r(Gi x G 2 )\7t(Li x L 2 ). Without loss of generality, we may suppose 
that p G ir(Gi)\ir(Li) for (|Gi|, |G 2 |) = 1. By Theorem F, G\ has a p-subgroup K p such that 
PK P G Syl p (Gi) and [P, (X p Ll )] < O p (Gi). It follows that G has a p-subgroup K p such that 
PiTp G Syl p (G) and [P, (if p LlxL2 )] < O p (G). By Theorem F again, G x x G 2 is a solvable 
SST-group. 

The following lemma is the main step in the proof of Theorem I. 

Lemma 3.1. Let G be a solvable PST-group, and Z OC) (G) denote the hypercenter of G. If 
G/ZociG) is a solvable SST-group (resp. BT-group), then G is a solvable SST-group (resp. 
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BT-group). 

Proof. Let L be the nilpotent residual of G and D be a system normalizer of G. Firstly we 
prove the lemma for BT-groups. Suppose that G/Z^G) is a solvable BT-group. By [T21 
I, Theorem 5.9(b)], Zoo(G) < D. Note that LZ 00 (G)/Z 00 (G) is the nilpotent residual of 
GjZvJyG). Let G p G Syl p (G) and G g G Syl q {G) with {p, g} C 7r(D) and p ^ q. By Theorem 
1.1, [G p , G g ] < Z ^(G). We may, therefore, assume that G p G q Z 00 (G) < D. This implies that 
[Gp,G q ] = 1. By Theorem 1.1, G is a solvable BT-group. 

Now we prove the lemma for SST-groups. Suppose that G/Z^G) is a solvable SST-group. 
Then by above and Corollary 1.4, G is a solvable BT-group. Let P be a p-subgroup of G 
with p G 7r(G)\7r(L). By Theorem D, PZ oc (G)/Z QO (G) is SS-permutable in G/Z^G). Let 
K/Zoo(G) be an SS-permutable supplement of PZ QO (G)/Z OC (G) in G/Z^G). Then K is a 
supplement of P in G and for every K p G Syl p (K), we have that PK p Z 00(G) = K p PZ 00(G). 
We may, therefore, assume that PK p Z 00(G) < D. Let D p be the Sylow p-subgroup of D. By 
Lemma 2.7(1), [P,K P ] < D p ' < G. Therefore, [P,K P ] < O p (G). By [J2J I, Theorem 5.9(b)], 
O p (G) < D G = Z^G) < K, and thereby O p (G) < K p . This implies that PK P = K P P. By 
Theorem 1.1, P permutes with every Sylow g-subgroup of K with q G n(K) and q 7^ p. Hence 
P is SS-permutable in G. Note that every subgroup of L is normal in G. Therefore, every 
subgroup of G of prime power order is SS-permutable in G. By Theorem D, G is a solvable 
SST-group. 

Proof of Theorem I. The necessity is obvious. We only need to prove the sufficiency Let 
L be the nilpotent residual of G and D be a system normalizer of G. By [91 Theorem B], G is 
a solvable PST-group. Note that the class of solvable SST-groups (resp. BT-groups) is closed 
under taking epimorphic images. Then it is easy to see that G/Z^G) satisfies the hypothesis 
of the theorem. If Zoo(G) 7^ 1, then by induction, G/Z QO (G) is a solvable SST-group (resp. 
BT-group). It follows from Lemma 2.9 that G is a solvable SST-group (resp. BT-group). We 
may, therefore, assume that Zoo(G) = 1. By Lemma 2.7(1) and [121 I, Theorem 5.9(b)], we 
have that D' < D G = Z 00(G) = I. This implies that G' = LD' = L. Hence N" < G" = 1, 
and so G is a solvable SST-group (resp. BT-group). 
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